The chiral kinetic theory of Weyl fermions with collisions in the presence of weak electric and magnetic fields is derived from quantum field theories. It is found that the side-jump terms in the perturbative solution of Wigner functions play a significant role for the derivation. Moreover, such terms manifest the breaking of Lorentz symmetry for distribution functions. The Lorentz covariance of Wigner functions thus leads to modified Lorentz transformation associated with sidejump phenomena further influenced by background fields and collisions.
The chiral kinetic theory of Weyl fermions with collisions in the presence of weak electric and magnetic fields is derived from quantum field theories. It is found that the side-jump terms in the perturbative solution of Wigner functions play a significant role for the derivation. Moreover, such terms manifest the breaking of Lorentz symmetry for distribution functions. The Lorentz covariance of Wigner functions thus leads to modified Lorentz transformation associated with sidejump phenomena further influenced by background fields and collisions.
Introduction.-Novel quantum transport processes in Weyl fermionic systems have been widely investigated, in particular for the so-called chiral magnetic and vortical effects such that charged currents are induced by magnetic and vortical fields [1] [2] [3] . These effects associated with quantum anomaly have been studied from different theoretical approaches including relativistic hydrodynamics [4] [5] [6] [7] , lattice simulations [8] [9] [10] [11] [12] , and gauge/gravity duality [13] [14] [15] . These effects might be (in-)directly observed in heavy ion collisions [16] and in condensed matter systems such as Weyl semimetals [17] .
From both theoretical and experimental perspectives, it is imperative to understand these anomalous effects in non-equilibrium conditions. One promising approach is kinetic theory, which can delineate non-equilibrium transport of a particle when the interaction and background fields are sufficiently weak. Nevertheless, it is hard to incorporate anomalous effects through the standard Boltzmann equations [6] . The chiral kinetic theory (CKT), which describes anomalous transport of Weyl fermions, has been thus developed from the path-integral [18] , Hamiltonian [19] , and local-equilibrium quantum kinetic approaches [20, 21] . In such formalism, the effective velocity and forces for a single particle are modified by the Berry curvature Ω p = p/(2|p| 3 ), where p represents the spatial momentum of the particle, which originates from the Berry phase in an adiabatic process [22] . Further generalization to massive Dirac fermions can be found in Ref. [23] . In order to bridge the semi-classical approaches [18, 19] and quantum field theories, the CKT is also derived from Wigner functions in the high-density effective theory [24] (see also Ref. [25] for relevant study of the on-shell effective field theory.)
However, there still exist potential issues in the chiral kinetic equation. First, the field-theory derivation in Refs. [24] and [20, 21] are subject to a predominant chemical potential and local equilibrium, respectively. The derivation for more general systems beyond local equilibrium is thus needed. Second, the non-manifestation of Lorentz invariance in the chiral kinetic equation has been recently discussed in Refs. [26, 27] from the semiclassical approach. The authors propose that the ordinary Lorentz transformation is modified by "side-jump" phenomena necessary to ensure angular-momentum conservation in collisions, while the same scenario is not fully understood in quantum field theories. Furthermore, it is more systematic to incorporate collisions in the fieldtheory framework.
In this letter, we address the aforementioned issues related to Weyl fermions in quantum field theories. It turns out that these issues are in fact connected. By solving Dirac equations, nontrivial side-jump terms coupled to background fields and self-energy from collisions naturally appear in the perturbative solution for Wigner functions up to O( ) in terms of expansion (equivalent to the gradient expansion as the long-wavelength approximation), which allude to modified Lorentz transformation of coordinates and momenta for distribution functions. The findings based on field theories support the modified Lorentz transformation proposed in [26, 27] and further incorporate the effects from background fields and collisions simultaneously. For free fermions, we further show that the side-jumps are related to reparametrization of distribution functions. From field theories, a self-consistent expression of the CKT with collisions and background fields is systematically derived.
Side-jumps from Wigner functions.-We start from Dirac equations for non-interacting right-handed Weyl fermions,
where
correspond to lesser and greater propagators in position space and hereafter we focus on just S < (x, y). In this Letter, we include the electric charge into the definition of the gauge field. We take the mostly negative Minkowski metric for convention. By taking Y = x − y and X = (x + y)/2, we carry out the Wigner transformatioǹ
where the gauge link is implicitly embedded and q µ denotes the canonical momentum. The Dirac equations after Wigner transformation up to O( ) become
where ∆ µ = ∂ µ + F νµ ∂/∂q ν and ∂ µ = ∂/∂X µ [28] . Adding and subtracting two equations above give the difference equations:
where {A, B} = AB + BA and [A, B] = AB − BA. Note that these equations are up to all orders of for constant background fields.
The task now is to solve Eq. (4) perturbatively including quantum corrections up to O( ). We may takè
It is trivially to show that the leading-order solution readsS
, where f (q, X) denotes the distribution function. For simplicity, we first consider the case that f = 1 as a constant. The first equation in Eq. (4) then results in
where we apply q 2 ∂δ(q 2 )/∂q 2 = −δ(q 2 ) in the derivation. From Eq. (6), one finds the O( ) correction for constant f takes the form,
where ǫ µναβ represents the Levi-Civita tensor with ǫ 0123 = ǫ 123 = 1. The superscript c denotes that the spectral density (the part aside from f ) is Lorentz covariant. Nevertheless, when f is non-constant, this is not the complete solution.
Coming back to the Dirac equations in Eq. (4), it is then more convenient to separate the trace and traceless part (linear to σ i ), which yields
and
Now the perturbative solution is actually solved from the traceless part in Eq. (9), while q µS< µ = 0 gives the constraint and ∆ µS <µ = 0 yields the kinetic theory. It turns out that Eq. (9) results in the side-jump term on top of Eq. (7). From Eq. (9), one finds [29] 
where the superscript f here denotes that the spectral density of the side-jump term δS
is not Lorentz covariant (frame dependent) [30] . One may recognize that δS f < µ corresponds to the magnetic-moment coupling in the absence of background fields in Refs. [24, 26] or the vorticity-related term in local equilibrium [20, 21] . The solution in Eq. (10) is not unique: We may further introduce arbitrary terms proportional to q µ δ(q 2 ), while they could be absorbed into f . This degeneracy is actually pertinent to Lorentz covariance of Wigner functions, which will be discussed later.
Chiral kinetic theory.-By inserting the perturbative solution up to O( ) in Eq. (10) into Eq. (8), q µS <µ = 0 is trivially satisfied, whereas ∆ µS <µ = 0 gives the CKT. In the following, we present some critical steps of the derivation. Now, ∆ µS <µ = 0 leads to
For simplicity, we consider only the particle with positive energy. Performing some computations, we obtain
k ), and we utilize ∇ · B = 0. The on-shell condition q 2 + B · q/q 0 = 0 now implies the shift of energy,
We hereby introduce an effective velocitỹ
Eventually, we reproduce the CKT in Ref. [24] ,
whereẼ = E − ∇ǫ q . As a cross check, we may also evaluate the currents from the perturbative solution in Eq. (10). The particle number density is given by
Also, the spatial current reads
where we take the integration by part. The current incorporates the anomalous Hall effect, chiral magnetic effect, and side-jump as shown in Ref. [24] . We notice that the expression in our formalism is valid up to O( ).
Lorentz invariance.-Although we derive the CKT and anomalous effects from the perturbative solution in Eq. (10), one may be concerned about the Lorentz covariance of Wigner functions due to the side-jump term. Since the Wigner function should be Lorentz covariant, the existence of the side-jump term suggests that f is not a Lorentz scalar [26, 27] . To understand the modifications of Lorentz transformation on f , it is instructive to manifest the frame (in)dependence of the side-jump term. Accordingly, we may generalize Eq. (10) as [31] 
where u µ is the four velocity of a frame. The solution in Eq. (10) corresponds to u µ = (1, 0). Now, one may consider a Lorentz transformation X ′µ = Λ µ ν X ν and q ′µ = Λ µ ν q ν , which is in fact equivalent to the transformation between frames u ′µ = (
Since Wigner functions are Lorentz covariant, we should have (Λ −1 ) ν µS ′ < ν −S < µ = 0, which is equivalent to the frame-independence of currents. Making contraction with u µ , Eq. (21) gives rise to
This suggests that a particle makes following side-jumps in the phase space, X µ → X µ + N µ uu ′ and q µ → q µ + N ν uu ′ F µν , under the Lorentz transformation. These sidejumps take the same form as those in the path-integral approach [26, 27] .
To better understand the origin of side-jumps and frame dependence of distribution functions, we consider a free fermions with positive energy in quantum field theory. To discuss the side-jump, we consider a Lorentz transformation Λ of the wave function for massless particles, which non-trivially transforms with an extra phase [32] : |p, λ → e −iΦ(p,Λ) |Λp, λ , where λ represents helicity. The Lorentz transformation of the wave function of a particle with positive energy thus takes the form,
with the relativistic normalization v † + (p)v + (p) = 2|p|. One can accordingly write down the second quantization of a field operator as
where a ( †) p correspond to annihilation(creation) operators. For simplicity, we drop anti-fermions, which carry negative energy.
Considering
, which is proportional toS <µ , the Lorentz transformation leads to
is not a vector. Nonetheless, the extra phase does not contribute to any physical observables. For example, perturbation theory in thermal equilibrium. A free propagator has p ′ = p, so that the phase cancels. In contrast, in non-equilibrium, the phase cancels with the nontrivial transformation of the distribution function, i.e., N (p
, due to the Lorentz covariance of field operators.
To make N (p ′ , p) a scalar, we introduce a phase field in momentum space as φ(p) such that φ(p) → φ ′ (Λp) = φ(p)−Φ(p, Λ) under the Lorentz transformation. We can always introduce such a phase using gauge degrees of freedom associated with a transformation that keeps
We hereby define the Lorentz-scalar distribution functioň
Using Eq. (26) and carrying out the Wigner transformation, we find
where a ν ≡ ic † + (q)∂ ν q c + (q) denotes the Berry connection with c + (q) = v + (q)/ 2|q| from non-relativistic normalization and we defině
as a Lorentz scalar, wherep 0 =p · q/|q|. Nonetheless, for the CKT, we apply the parametrization f (q,
Collisions.-In quantum field theories, we may systematically incorporate collisions (see e.g. Ref. [33] ). Based on the Dyson-Schwinger equation and taking integration along the Schwinger-Keldysh contour, the Dirac equations are given by
where Σ <(>) represent the self-energy and Σ δ denotes the one-particle potential and the subscripts R/A correspond to retarded/advanced propagators, which are defined as (32) where we set Σ = σ µ Σ µ without the loss of generality and denote < (>) explicitly since the greater propagator is also involved. On the other hand, the traceless part is given by
We may now solve for the perturbative solution. Compared to the collisioneless solution in Eq. (10), we find thatS c< µ is unchanged, whereas the side jump term becomes
f withf denoting the distribution function of outgoing particles.
Since the side-jump term is altered by collisions, we investigate the modified Lorentz transformation of distribution functions. We may generalize the side-jump term as
The Lorentz covariance of Wigner functions yields the modified Lorentz transformation on the distribution function as
From Eqs. (32) and (34), we also obtain the CKT with collisions, for u µ = (1, 0),
where ∆ <(>) = ∆ + Σ <(>) and CKT 0 corresponds to the left-hand side of the collisionless CKT in Eq. (16).
2-2 scattering without background fields.-Practically, it is more useful to make further approximations of the self-energy and analyze specific collisional processes. For simplicity, here we present the leading-order 2-2 Coulomb scattering between right-handed fermions with positive energy in the absence of background fields as an example. In this particular case, we will show that the center of mass frame corresponds to a "no-jump frame" as proposed in Ref. [27] . Now, the perturbative solution reduces tõ
where we write down the frame dependence for the spectral density. The self-energy in the leading contribution corresponding to the Coulomb scattering can be expressed as
and similar for Σ > µ by exchanging > and <, where
Although the self-energy takes a complicated form, by choosing the the center of mass frame u
2 , one can show that the expression is considerably simplified as
Since bothS >µ and Σ < µ are frame independent, we can write down the distribution functions of all scattering particles in the the center of mass frame, which yields
where the O( ) correction vanishes and similar for S <µ Σ > µ . Therefore, in the the center of mass frame, the kinetic theory from the first equation in Eq. (32) reduces to
with |M| 2 = 4P(q ′ , k, k ′ )(k ·k ′ )(q ′ ·q) comprises "no sidejumps" as a standard collisional kernel This result supports that the the center of mass frame corresponds to a "no-jump frame" previously proposed in Ref. [27] . The details of computations incorporating background fields will be presented elsewhere.
Outlook.-Our findings not only provide a solid footing for side-jump phenomena associated with Lorentzsymmetry properties of CKT from field theories, but also raise some new issues. It turns out that a frameindependent distribution function can be introduced, but the trade-off is the modification of the spectral density and the corresponding CKT. However, in such a case, the CKT should be manifestly Lorentz invariant, whereas the derivation is nontrivial due to the presence of background fields, which will be pursued in the future.
Furthermore, the Wigner functions and the CKT influenced by collisions, can be applied to distinct systems with proper approximations of the self-energy, which may intrigue further studies for phenomenological interests.
On the other hand, it is straightforward to include higherorder quantum corrections in our approach, which may reveal novel effects in a self-consistent fashion.
